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Reprints from The Early Days of Information
Sciences

Historical studies about a scientific discipline is a sign of its matu-
rity. When properly understood and carried out, this kind of studies are
more than enumeration of facts or giving credit to particular important
researchers. It is more discovering and tracing the way of thinking that
have lead to important discoveries. In this respect, it is interesting and also
important to recall publications where for the first time some important
concepts, theories, methods, and algorithms have been introduced.

In every branch of science there are some important results published in
national or local journals or other publications that have not been widely
distributed for different reasons, due to which they often remain unknown
to the research community and therefore are rarely referenced. Sometimes
the importance of such discoveries is overlooked or underestimated even by
the inventors themselves. Such inventions are often re-discovered long after,
but their initial sources may remain almost forgotten, and mostly remain
sporadically recalled and mentioned within quite limited circles of experts.
This is especially often the case with publications in other languages than
the English language which is presently the most common language in the
scientific world.

This series of publications is aimed at reprinting and, when appropriate,
also translating some less known or almost forgotten, but important publi-
cations, where some concepts, methods or algorithms have been discussed
for the first time or introduced independently on other related works.

Another aim of Reprints is to collect and present at the same place
publications on certain particular subject of an important scholar whose
scientific work is signified by contributions to different areas of sciences.

R.S. Stanković, J.T. Astola
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Early Work of Aimo Tietäväinen

Abstract

The present issue of Reprints from the Early Days of Information
Sciences discusses research work of Aimo Tietäväinen. It presents 17
papers by Aimo Tietäväinen, and highlights the impact of this work to
the research at the time in this area.
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ESIPUHE

Monet tieteelliset edistysaskeleet tai läpimurrot ovat syntyneet yhdistämällä
kahden eri tutkimusalueen metodeja ja ehkäpä luonnollisin tapa tehdä tällai-
nen tutkimusalueiden välinen harppaus on se, että tutkija siirtyy joko koko-
naan tai osittain toimimaan uudella tutkimusalueella. Kaikki tutkijat tekevät
tätä jossain määrin siirtyessään uusiin tutkimusongelmiin ja jotkut jopa
toimivat useilla näennäisesti hyvin erilaisilla aloilla. Yleensä näitä aloja
kuitenkin yhdistää vaikkapa se, että probleemien mallinnus perustuu samaan
matematiikan alaan. Näin on myös Aimo Tietäväisen tutkimuksissa. Hän
aloitti matematiikan opinnot Turun yliopistossa 1950 luvun puolivälissä ja
väitteli yhtälöiden ratkeavuudesta äärellisissä kunnissa v. 1965.

Voi sanoa, että ensimmäiset kymmenen tutkimustyö vuotta kuluivat
lukuteorian ja nimenomaan äärellisten kuntien teorian parissa. Samaan
aikaan eli tietoliikenne ja informaatioteoriaan kuuluva virheitä korjaavien
koodien teoria kiivasta kehitysvaihetta ja monilla koodausteorian ongelmilla
oli yhteys äärallisten kuntien teoriaan. Näin oli myös kysymyksellä täydellis-
ten koodien olemassaolosta. Sitä pidettiin merkittävänä ongelmana ja otak-
suttiin, että tuntemattomia täydellisiä koodeja ei ole, mutta oli onnistuttu
todistamaan vain muutamia erikoistapauksia. Vuonna 1971 Tietäväinen os-
oitti, että ei ole tuntemattomia binäärisiä täydellisiä koodeja ja vuonna 1973
lehdessä SIAM J. Appl. Math. ilmestyneessä artikkelissa hän todisti, että ei
ole tuntemattomia täydellisiä koodeja yli minkään äärellisen kunnan. Tulos
herätti suurta huomiota ja sitä pidetään yhtenä koodausteorian tutkimuksen
kulmakivistä. Myöhemmin Tietäväinen on julkaissut monia muita syvällisiä
tuloksia koodausteorian ja lukuteorian alalta.

Tieteellisten lehtien määrä ja levikki oli tuohon aikaan paljon vähäisempi
ja tutkijat julkaisivat tuloksiaan pääosin kansallisissa ja yliopistojensa sar-
joissa. Tulokset toki levisivät nopeastikin suoraan tutkijoiden keskinäisen
kirjeenvaihdon kautta sekä referaattilehtien kautta, mutta vain saman alan
tutkijoiden piirissä. Näin esimerkiksi Tietäväisen kansallisissa sarjoissa julka-
istut varhaisemmat tulokset ovat vaikeasti saatavissa. Tähän reprint kokoel-
maan onkin koottu hänen varhaisia julkaisujaan lukuteorian alalta sekä myös
ensimmäiset koodausteorian työt.

Itse tutustuin Professori Tietäväiseen, kun aloitin matematiikan opin-
not syksyllä 1968 ja seurasin matemaattisen analyysin peruskurssia, jota
hän luennoi. Hän oli tavattoman pidetty ja kunnioitettu opettaja. Hänen
luentonsa olivat erittäin hyvin suunniteltuja ja valmisteltuja, ja koko sali
seurasi aina luentoa herkeämättä. Luennot oli myös höystetty pienillä an-
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noksilla mainiota kuivaa huumoria sekä hyödyllisiä opiskelua koskevia neu-
voja ja ohjeita. Opiskelijoiden kunnioitusta kuvastaa sekin, että kun hän oli
ollut vuoden poissa Turusta, niin hänen tullessa luentosaliin ensimmäiselle
luennolle opiskelijat nousivat spontaanisti seisomaan vaikka ajat olivat jo
muuttuneet eikä tällainen enää ollut tapana.

Jatkoin opintoja hänen ohjauksessaan. Väitöskirjatyön ohjaajana hän oli
vaativa, mutta kannusti itsenäiseen ajatteluun ja oli aina valmis keskustelui-
hin ja tarjoamaan ideoita kun opiskelijalla oli vaikeuksia päästä eteenpäin.

Tietäväinen perusti Turkuun koodausteorian koulukunnan ja hänet tun-
netaan ehkä parhaiten täydellisten koodien probleeman ratkaisusta. Kysyin
kerran häneltä mikä hänen toisen pääalueensa tulos on hänen omasta mieles
tään mielenkiintoinen tai jännittävä. Hän sanoi, että esimerkiksi J. H. H.
Chalkin Vinogradov-Mordell-Tietäväinen epäyhtälöiksi kutsumat tulokset
ovat yllättäviä ja niiden todistukset ovat lyhyitä.

Jaakko Astola
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Foreword

Many scientific advances or breakthroughs have been obtained by combining
methods from two or more different research fields and perhaps the most
natural way to make this kind of leap over the barriers between fields is
that the researcher moves partially or completely to a new field. Actually,
all researchers do this to some extent when they move to new problems,
but some work simultaneously in seemingly very different fields. Typically,
there is some underlying theme joining the fields, for instance, the field of
mathematics that is used in modeling the problems. This is the case also
in the research work of Professor Aimo Tietäväinen, where the underlying
theme is number theory that is also called the Queen of Mathematics. He
began his career by studying mathematics at University of Turku in middle
1950’s and wrote his PhD thesis on the solvability equations over finite fields
in 1965. His first ten years in research concentrated on number theory and
especially on the theory of finite fields. At the same time the research in
coding theory, a part of information theory, was rapidly expanding and many
problems in coding theory are connected to finite fields. This is also the case
with the famous conjecture of nonexistence of perfect codes over finite fields
of which only isolated cases had been proved. In 1971, Tietäväinen proved
that there are no unknown perfect codes over the binary field, which is
the most important case. Soon after that, in an article that appeared in
SIAM J. Appl. Math. in 1973, he proved the celebrated result that there
are no unknown perfect codes over any finite fields, which is considered a
cornerstone of the theory of error correcting codes.

At that time scientific and mathematical journals did not have as wide
circulation as nowadays and many researchers published mainly in national
publication series or in the publication series of their local university. The
results spread quite quickly, nevertheless, via the correspondence between
researchers, but mostly only between the researchers within the same field.
Thus, for instance, the early works of Tietäväinen that were published in
national series are not easy to get and, consequently, we have collected to
this volume of reprints his early works on number theory as well as his key
papers on perfect codes that reflect his movement to the new research field
of coding theory.

I first met professor Tietäväinen when I began my studies of mathe-
matics in fall 1968 by following the first course in mathematical analysis
that he lectured. He was a highly liked and respected teacher. His lectures
were superbly designed and prepared, and always the full room was keenly
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following the lecture.
Mathematics Department had moved to a new building that had good

lecture rooms with several pairs of blackboards that could be moved up and
down. He started from the left upper board and usually at the end of the
second hour of the lecture he put period in the right lower corner of the
last board. He always managed to keep the theorems and key points of the
proofs visible throughout the lecture so that a student could catch up with
the reasoning of difficult parts. His lectures were supplemented with small
doses of excellent dry humor as well as very useful hints and guidelines for
studies.

I remember something that well describes the respect that the students
held for him. When he returned to Turku after spending a year in another
university and came to his first lecture, all the students spontaneously rose
although this had not been the custom for a decade or so.

I continued my studies towards PhD under his guidance. As an advisor
he was demanding but encouraged independent thinking, and he was also
always ready to discuss and offer ideas when a student was stuck with a
problem.

Tietäväinen founded Turku group of coding theory that is well known
around the world. Among coding theorists he is best known for his proof of
the nonexistence of perfect codes. I once asked him about his other field,
number theory, what he considers to be the result he has found most pleas-
ing or interesting. He answered that perhaps the results that J. H. H. Chalk
calls Vinogradov-Mordell-Tietäväinen inequalities are such because the re-
sults are surprising while their proofs are short.

Jaakko Astola
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A digital portrait of Aimo Tietäväinen by the artist Juhani Haaparinne reprinted by the
courtesy of its author.
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University of Turku, 1968-71
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Turku, 1975-77
Chairman of the Institute of Mathematical Sciences,
University of Turku, 1985-86
The responsible person of the Mathematics Department, University of Turku,
until 1998.
For several years member of the senate, faculty councils,
institute councils and several committees,
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Table 1 lists the PhD students supervised by Professor Aimo Tietäväinen
at the University of Turku, Turku, Finland, and the year of the defence.
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1 Reprints

The following table lists journals where Professor Aimo Tietäväinen used to
publish in 1964 to 1974. The numbers in parentheses show the number of
publications in a particular year.

Journal Year of publishing

Ann. Univ. Turku. 1964, 1966 (2), 1967 (2),
1968 (2), 1969, 1971, 1974

Ann. Acad. Sci. Fenn. 1965 (2), 1966, 1970, 1973
J. Number Theory 1971, 1975
SIAM J. Appl. Math. 1973

Aimo Tietäväinen defended his PhD thesis in 1965 at the University
of Turku, Turku, Finland, with the subject On the Non-Trivial Solvability
of Some Equations and Systems of Equations in Finite Fields and under
supervision of Professor Kustaa Inkeri. The thesis was published as the
Paper 2 in the enumeration of papers reprinted in this book.

1. Paper 1
”On the non-trivial solvability of some systems of equations in finite
fields”, Ann. Univ. Turku., A I 71 (1964) 1-5.

2. Paper 2
”On the non-trivial solvability of some equations and systems of equa-
tions in finite fields”, Ann. Acad. Sci. Fenn., A I 360 (1965) 1-38.

3. Paper 3
”On systems of linear and quadratic equations in finite fields”, Ann.
Acad. Sci. Fenn., A I 382 (1965) 1-5.

4. Paper 4
”On systems of equations in finite fields”, Ann. Acad. Sci. Fenn., A
I 386 (1966) 1-10.

5. Paper 5
”On the trace of a polynomial over a finite field”, Ann. Univ. Turku.,
A I 87 (1966) 1-7.

6. Paper 6
”On non-residues of a polynomial”, Ann. Univ. Turku., A I 94 (1966)
1-6.
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7. Paper 7
”On the solvability of equations in incomplete finite fields”, Ann. Univ.
Turku., A I 102 (1967) 1-13.

8. Paper 8
”On pairs of additive equations”, Ann. Univ. Turku., A I 112 (1967)
1-7.

9. Paper 9
”On diagonal forms over finite fields”, Ann. Univ. Turku., A I 118
(1968) 1-10.

10. Paper 10
”On the distribution of the residues of a polynomial”, Ann. Univ.
Turku., A I 120 (1968) 1-4.

11. Paper 11
”On a homogeneous congruence of odd degree”, Ann. Univ. Turku.,
A I 131 (1969) 1-6.

12. Paper 12
”On the nonexistence of perfect 4-Hamming-error-correcting codes”,
Ann. Acad. Sci. Fenn., A I 485 (1970) 1-6.

13. Paper 13
”On a problem of Chowla and Shimura”, J. Number Theory, 3 (1971)
247-252.

14. Paper 14
(with A. Perko) ”There are no unknown perfect binary codes”, Ann.
Univ. Turku., A I 148 (1971) 1-10.

15. Paper 15
”Note on Waring’s problem (mod p)”, Ann. Acad. Sci. Fenn., A I
554 (1973) 1-7.

16. Paper 16
”On the nonexistence of perfect codes over finite fields”, SIAM J. Appl.
Math., 24 (1973) 88-96.

17. Paper 17
”A short proof for the nonexistence of unknown perfect codes over
GF (q), q > 2”, Ann. Acad. Sci. Fenn., A I 580 (1974) 1-5.
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